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In [4], line-closed combinatorial geometries were studied. Here, given a line-closed 
combinatorial geometry G(X), we determine all single point extensions of G(X) that are 
line-closed. Further, if H(X U r) is a line-closed geometry that is a smooth extension of G(X) 
we give a natural necessary and sufficient condition for every geometry between G and H to be 
line-closed. 
1. Introduction 
Let G(X) be a (finite combinatorial) geometry. We say that G(X) is line-closed 
if a set of points is closed if and only if for every two points in the set the line they 
determined is contained in the set. In [4], line-closed combinatorial geometries 
were studied. Here, given a line-closed combinatorial geometry G(X), we 
determine all single point extensions of G(X) that are line-closed. Further, if 
H(X U Y) is a line-closed geometry that is a smooth extension of G(X) we give a 
natural necessary and sufficient condition for every geometry between G and H to 
be line-closed. 
Recall that if G(X) is a geometry, a modular cut. A, of G is an order filter of 
flats from G such that A contains no flats of rank less than 2 and whenever 
A, B E A and A, B are a modular pair of flats then A fl B E A. The collar of A, 
denoted by c(A), is the set of flats defined as follows: A E c(A) if and only if there 
is a B E A such that B covers A in the lattice of flats of G and A $ A. If X n Y = 0 
we say H(X U Y) is an extension of G if H restricted to X is G. If (Y( = 1, we say 
H is a single point extension of G. Recall there is a natural one-to-one 
correspondence between modular cuts A of G and single point extensions H of G 
(see [5] for a quick review). 
2. Extensions 
Definition 2.1. Let G(X) be a geometry and A a modular cut of G. We say A is a 
2-cut of G if for every A in c(A) there is a line I E A such that r(Z fl A) = 1 (here T 
is the rank function of G). 
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It is an easy exercise to show that if A is a 2-cut of a geometry G(X) then the 
minimal elements of A all have rank 2 and if Ii, I2 are two lines in A then 
r(l, U 12) = 3 and Ii fl l2 = 0. Also, A is not contained by any other modular cut 
of G. 
2-cuts arise when the resulting single point extension of a geometry is 
line-closed. Let H(X U y) be a single point extension of the geometry G(X) 
determined by the modular cut A. Suppose that H is line-closed. If A is a flat (of 
G) in c(A) that violates the condition of Definition 2.1 then a simple argument 
shows that A U y is a line-closed set of points in H which is not a flat of H. Thus, 
we have 
Theorem 2.2. Let the geometry H(X U y) be the single point extension of the 
geometry G(X) determined by the modular cut A and let H(X U y) be line-closed. 
Then A is a 2-cut of G(X). 
The next theorem, along with Theorem 2.2, will give us a way to construct all 
of the single point extensions of a line-closed geometry that are line-closed. 
Theorem 2.3. Let G(X) be a line-closed geometry and let A be a 2-cut of G. Then 
the single point extension H(X U y) of G determined by A is line-closed. 
Proof. Suppose that A is a line-closed set of points (in H). 
Case 1. A s X. In this case, A will be a flat of G. Clearly A 4 A since otherwise y 
would be in A, so A is a flat of H. 
Case 2. A = A0 U y (A. c X). Again, A,, will be a flat of G. If A,, $ c(A) then 
clearly A is a flat of H. We now show A,, $ c(A). Assume A0 E c(A). There is a 
line 1 (of G) in A such that 1 fl A, = p. But A contains p and y so A contains 1 U y. 
This implies 1 CA, which is a contradiction. 0 
Now, consider the class % of geometries where G is in %’ if and only if there is a 
sequence of geometries Gi, . . . , G,, such that Gi is the single point geometry, Gi 
is a single point extension of Gi_, (2 s i c n), each Gi (1~ i < n) is line-closed, 
and G,, = G. ‘% does not contain all of the line-closed geometries; the plane 
(rank 3) geometry on seven points, {a, b, c, d, e, f, g}, with non-trivial lines 
{a, b, e}, {a, d, f}, {a, c, g}, {b, d, c}, and {e, f, g} is not in %. However, we 
note that % does contain all of the supersolvable geometries. 
Remark 2.4. Recall there is a close connection between elementary quotients of 
a geometry G and single element extensions of G. Indeed, F is a geometry that is 
an elementary quotient of G if and only if there is a single point extension 
H(X U y) of G such that H contracted to X is F. So, there is a one-to-one 
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correspondence between modular cuts of G (whose minimal elements have 
rank 5 3) and elementary quotients of G. If G is line-closed then an argument 
similar to the proofs of Theorems 2.2 and 2.3 shows that an elementary quotient 
F of G is line-closed if and only if the associated modular cut A is a 3-cut (A is a 
3-cut if and only if for every A E c(A) there is a plane P in A such that 
r(A n P) = 2). 
To conclude, we consider the following question: when is it the case that every 
geometry “between” two line-closed geometries is line-closed. A few words about 
terminology are appropriate. Let the geometry H(X U Y) (Y = { y, , . . . , y,}) be 
an extension of the geometry G(X). We say a geometry F is between G and H if 
F is an extension of G and a proper subgeometry (restriction) of H. Gi (1~ i =S n) 
will denote the restriction of H to the set X U y, and Ai will denote the modular 
cut of G that determines Gi. Hi (1 - z C G n) will denote the restriction of H to the 
set X U Y-y, and AH will denote the modular cut of Hi that determines H. 
Also, G,,j (16 i =S n, 1 S j c n, i #j) will denote the restriction of H to the set 
x uy; uyj. 
In [2], Cordovil defines what he calls a smooth extension (“extension lisse”) of 
a matroid. This notion will be important to us and for the sake of completeness 
we include it here. 
Definition 2.5. Let the geometry H(X U Y) be an extension of the geometry 
G(X). We say H is a smooth extension of G if for all A c X U Y; AH = 
AHflX %A. 
Theorem 2.6. Let the line-closed geometry H(X U Y) (Y = {y,, . . . , y,,}) be a 
smooth extension of the line-closed geometry G(X). The following two properties 
are equivalent. 
(1) The geometries G, , . . . , G,, are line-closed. 
(2) Every geometry between G and H is line-closed. 
Proof. (2) 3 (1) is clear. The proof of (1) + (2) will be by induction on n ; the 
cases n = 1 and n = 2 being clear. Let the line-closed geometry H(X U Y) 
(Y’ {Yl, . . . 1 y,}, n 2 3) be a smooth extension of the line-closed geometry 
G(X) and suppose that the geometries G,, . . . , G, are line-closed. 
Fix an i such that 1 c i d n. We claim that the geometries Gj,j (1 d j s n, i #j) 
are line-closed. By Theorem 2.3, all we need to show is that for a fixed j, A,‘, the 
modular cut of Gj that determines Gi,j, is a 2-cut of Gi. So, let A E c(A,‘). By 
Theorem 2.2, A; is a 2-cut of H,. This, along with the fact that H is a smooth 
extension of G implies that there is some line I E A, such that (IHI nAH’) = z. If 
zeXUyjthenrG, n A = z and A,’ is a 2-cut of G,. 
If not, then z E Y - yi, say z = y, (k f i, k #j). Since H is a smooth extension 
of G, we havey,EAHnX 
H 
, so there is a line lk E Ak such that lk z AH fI X. 
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Note that I # 1, or else A $ c(A,!). We have rH fl&-” = yk. Thus there is a plane 
P (of G) such that 1 U 1, G P. But 1, $ Aj, SO there must be a line Zj E Aj such that 
lj n lk =x with x E X. We have TGi rl A =x and since qGi E A,!, A,! is a 2-cut 
Of Gi. 
Now, if F is a geometry between G and H then either F is some Gi (1 s i s n) 
in which case it is line-closed or F is between some Gi and H in which case our 
induction hypothesis implies F is line-closed. Induction now completes the 
proof. Cl 
We note that if G(X) is a free geometry (i.e. every set of points of G is 
independent) and the line-closed geometry H(X U Y) is an extension of G such 
that every geometry between G and H is line-closed then H is a smooth extension 
of G. 
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